The kinetics of liquid-liquid phase separation and polymer crystallization observed in double-quench experiments with blends of poly͑ethylene-co-hexene͒ and poly͑ethylene-co-butene͒ are studied using time-dependent Ginzburg-Landau Model. Numerical simulations demonstrate that our model can successfully reproduce three experimental phenomena: The decrease in number and size of crystallized spherulites with increasing time in phase separation, the preponderance of nuclei near the domain interface, and the subphase separation and subcrystallization occurring when the second quench is very deep. Moreover, the simulations are consistent with the recently proposed mechanism of "phase separation fluctuation assisted nucleation" in the crystallization process.
I. INTRODUCTION
Phase separation has attracted a great deal of attention for several decades. [1] [2] [3] In particular, phase diagrams have been determined both theoretically and experimentally, [4] [5] [6] and dynamic behaviors, especially the growth of domain size, have been studied extensively. [7] [8] [9] [10] Meanwhile, the kinetics of crystallization has also been extensively studied. 11, 12 Much work has been carried out experimentally and with Monte Carlo simulations. [13] [14] [15] [16] [17] [18] [19] Interactions between phase separation and crystallization processes are usually present in a blend system, in which one component is crystalline and another component is amorphous. It is very interesting to study the coupling of these two nonequilibrium phenomena because they can produce some new structures and dynamics which are important from both scientific and industrial viewpoints. Several studies have been performed on static morphological structures. Nevertheless, most experiments are concentrated on either single quenching or multiple quenching starting from the early stages of phase separation. The two-step quench experiment starting from late stages of phase separation, especially when the second quench involves crystallization, remains less explored. In another words, the interplay between these two nonequilibrium phenomena has been largely neglected due to its complexity. Only a few investigations have been carried out to study this complex interaction. [20] [21] [22] [23] [24] [25] [26] [27] [28] Therefore, further investigations are desirable to obtain an overall understanding of the dynamic relationships between coexisting liquid-liquid phase separation ͑LLPS͒ and crystallization.
Recently Han and co-workers studied the interplay between LLPS and crystallization in blends of statistical copolymers, poly͑ethylene-co-hexene͒ ͑PEH͒ and poly͑ethylene-co-butene͒ ͑PEB͒, using multiple quenching schemes. [29] [30] [31] [32] [33] In contrast to earlier work, they have paid special attentions to the kinetic coupling between phase separation and crystallization. The pattern formation of LLPS and crystallized structures were observed by using phase-contrast bright-field optical microscopy and polarized light microscopy, respectively. Further investigation of the changes in crystallization kinetics were performed using differential scanning calorimetry and atomic force microscopy ͑AFM͒. Their various experiments demonstrate changes in nucleation rate and crystallinity. To explain this change in crystallization kinetics, they proposed a mechanism of heterogeneous nucleation assisted by the liquid-liquid spinodal decomposition, which is presented as phase separation fluctuation assisted nucleation. The idea that the nucleation rate could be assisted by the concentration fluctuations due to spontaneous spinodal LLPS is quite different from the crystallization process in a one component system.
Inspired by these recent experiments, we present a phenomenological model to describe the interplay between LLPS and crystallization. Specifically, time-dependent Ginzburg-Landau ͑TDGL͒ equations, [34] [35] [36] have been developed to study the spatiotemporal evolution of a conserved compositional order parameter and a nonconserved crystalline order parameter ͑model C͒. In the literature, polymer crystallization is usually associated with the HoffmanLauritzen ͑HL͒ theory. The HL theory is capable of describing many features of polymer crystal growth processes. [37] [38] [39] However, the HL theory deals with the growth of large crystals via nucleation at the crystal surface. Furthermore, the original HL kinetic theory does not contain a description of the spatial diffusion of the interface for crystal growth. On the other hand, the Ginzburg-Landau theory has the capability of describing spatial and temporal variations. For example, a number of studies using phase field model derived from coupled TGDL model C have been successfully applied to the crystal growth in metal alloys 20 and eutectic crystal growth, 36 as well as the elucidation of rhythmic growth of a͒ Electronic mail: shi@mcmaster.ca. b͒ concentric and spiral spherulites in a binary polymer blend containing a crystalline polymer as one component. 21 Following the same philosophy, a classical Landau-type doublewell potential is used to represent the free energy of the phase separation and the crystallization. 20, 40 In addition, we construct a coupling free energy which reflects the kinetic intertwining of LLPS and crystallization, especially the mechanism of "phase separation fluctuation assisted nucleation." Numerical results demonstrate that our model can reproduce almost all of the dynamic features observed in the experiments.
After summarizing the salient experimental results supporting the newly proposed mechanism, we will interpret these results and present our dynamic models. We also obtain the phase diagram through solving the TDGL equations selfconsistently. This method has been presented recently and has been successful in determining the phase diagram of both crystalline-amorphous and crystalline-crystalline polymer blends. [4] [5] [6] [41] [42] [43] [44] Moreover we will describe our simulation and show how it is consistent with the experimental results on the changes in crystallization kinetics and with the new mechanism proposed to explain those results.
II. EXPERIMENTAL OBSERVATION
The interplay between LLPS and crystallization in a binary blend of crystallizable PEH and noncrystallizable PEB has been examined using multiple quenching schemes. [31] [32] [33] These polymer systems are quite suitable for studying the kinetic coupling between LLPS and crystallization because the phase separation process takes place very slowly due to the similarity in monomer structures between PEH and PEB. The phase diagram of PEH/PEB blends ͑Fig. 1͒ ͑Ref. 29͒ exhibits an upper critical solution temperature, with a critical temperature of 146°C at a critical composition of PEH = 0.44. The melting temperature of blends in the phase separation region is almost a constant of 127°C.
The pattern formation under various conditions has been examined by optical microscopy, AFM, and differential scanning calorimetry. The phase contrast optical microscopy shows interconnected bicontinuous structures for the first temperature quench, [31] [32] [33] which are characteristics of spinodal decomposition. After a second quench to a temperature below the melting point, an overwhelming change in crystallization kinetics has been clearly observed, which is quite different from the crystallization of one component system. [16] [17] [18] 45 The main experimental observations are summarized as follows:
• The number and size of crystallized spherulite decrease with increasing time of LLPS after the first temperature quench. This implies that the concentration fluctuation due to early stage of phase separation can give rise to nuclei for crystallization. 31, 32 • Most of the nuclei are located near the interface of the phase-separated domains; only a few are in the PEH rich domains. 31, 32 • Subphase separation and subcrystallization occur if the second quench is very deep ͑to room temperature͒. This implies that small secondary domains of polymer blends and crystallized spherulites appear in the larger primary domains which are formed during LLPS.
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III. MODEL DESCRIPTION
We first give some explanations of the experimental phenomena, which will also shed light to dynamic modeling. The decrease in number and size of crystallized spherulite associated with time in LLPS and the predominance of nuclei near the domain interface can be explained by the fact that the interfacial region of a phase separating system is favorable to the crystallization process ͑the appearance of nuclei and the number of nuclei͒. This is because the longer the time spent in LLPS after the first quench, the sharper the interface and the smaller the interfacial region becomes, rendering it less probable that LLPS assisted nucleation will occur. The same intrinsic mechanism underlies the third phenomenon, the subphase separation and subcrystallization occurring when the second quench is very deep. Even if LLPS is complete at the end of the first quench, the concentration fluctuation will still be large when the second quench is very deep. That is, the concentrations of both PEH-rich and PEBrich domains formed in LLPS by the first quench will still fall into a new spinodal decomposition region in the phase diagram by the second deep quench. Moreover the correlation length of fluctuation after the second deep quench will be much smaller compared to that of the first quench. This causes the occurrence of a subphase separation process.
The dynamics of phase separation and crystallization are described using a TDGL theory. The TDGL model equations are basically two nonlinear diffusion equations in which a conserved compositional order parameter ͑͒ is coupled with a nonconserved orientational crystalline order parameter ͑͒, namely, 
where M and M are Onsager coefficients. They may depend on both the molecular weights and the order parameters. The last terms ͑ and ͒ in the above equation are thermal random forces which satisfy the fluctuation dissipation relations,
The total free energy functional F͑ , ͒ is assumed to be given by
where
Here F͑ , ͒ consists of two parts, one is the bulk free energy and the other is interfacial free energy. The bulk free energy f bulk contains the compositional ordering for phase separation, the orientational crystal ordering for crystallization, and the coupling of interaction between LLPS and crystallization. The interfacial free energy just contains the gradients jump in the interface of different regions. Phase separation is controlled by concentration fluctuation and the decrease in bulk energy in the early stage, which is also the stage when crystallization occurs in experiments. In the later stage, phase separation is controlled by diffusion and coarsening, and the decrease in interfacial free energy when no crystallization process takes place. The compositional free energy ͑f ps ͒ is expressed in terms of Landau-type double-well potential 20, 40 
where w 1 is the weight factor of phase separation energy and s is a parameter which brings asymmetry to the system. The effective interaction parameter r͓T͔ increases with temperature T and is expressed as
where a and b are undetermined parameters. The spinodal line of phase separation is determined by f ps Љ ͑͒ = 0, namely,
Therefore the sign of ͑s 2 −3aT −3b͒ determines whether the potential has a single-well or a double-well structure.
The orientational crystalline free energy ͑f crys ͒ is described as follows: 20, 40 
where w 2 is the weight factor of crystallization energy. This crystal phase order parameter may be defined as the ratio of the lamellar thickness and usually represents the onedimensional crystallinity. 46, 47 The monotonic increasing function of temperature T, ͓T͔, is expressed as
where T m is the melting temperature. It is easy to verify that the energy f crys has local minima at =0 ͑amorphous state͒ and =1 ͑crystalline state͒, and a local maximum at = 1 2 + ͓T͔. The sign of ͓T͔ determines which state is the more stable global minimum. The coupling free energy is the most important part of the model because it reflects the competition between these two nonequilibrium phenomena. Theoretically, it should be represented as a polynomial of the order parameters in order to be consistent with the forms of the compositional and crystal free energy. In our model we choose to express the coupling term as
where w 3 is the weight factor of the coupling energy and C 1 ͓T͔ and C 2 ͓T͔ correspond to the spinodal points in Eq. ͑4͒. The current form of this term is based on our understanding of the physical mechanism of fluctuation-induced nucleation. From a thermodynamic perspective, the equilibrium state should be the global minimum of the total free energy. When the composition of PEH in the phase is in the spinodal region ͑C 1 ͓T͔ Ͻ Ͻ C 2 ͓T͔͒ and the temperature is below the melting point in the phase diagram, the crystalline state will be more stable than the amorphous state since it corresponds to the lower energy for both the coupling part ͑f coup ͒ and the crystal ordering part ͑f crys ͒. That is, crystallization process will proceed much more easily because the energy barrier is reduced in the spinodal decomposition region. This is the mechanism of phase separation fluctuation assisted nucleation proposed by NIST and CAS groups. [31] [32] [33] Our numerical results indicate that our choice for the coupling part indeed reproduces the experimental observations.
It should be pointed out that the bulk terms given above for the free energy are not unique. It is possible to use other forms of the free energy for the bulk behavior. For example, polymer phase separation can also be described by the Flory-Huggins free energy. In fact, any free energy model with the essential properties can be used for studying generic features of the system. In all models, the parameters in the bulk free energy should be determined by the bulk phase behavior.
IV. NUMERICAL SIMULATIONS
A. Phase diagram
We now try to determine the phase diagram of the system. A thermodynamically self-consistent theory has been developed for determination of phase diagrams of polymer solutions as well as polymer blends. [41] [42] [43] [44] Following the same philosophy, we first minimize the total free energy density of mixing with respect to the crystal order parameter ͑͒. This is the same as determining the roots at ‫ץ‬f / ‫ץ‬ = 0, which can be solved on either the steepest descent algorithm 43 or analytical expression in our case,
. is the cubic root of unit circle. Of course only two solutions in Eq. ͑5͒ are reasonable according to the global minimization satisfying ‫ץ‬ 2 f / ‫ץ‬ 2 Ͼ 0. Subsequently the chemical potentials are calculated through minimization with respect to the compositional order parameter ͑͒, and the coexistence curves are determined with the aid of the double tangent construction [4] [5] [6] 
where ͑͒ means that the crystal order parameter ͑͒ is a function of the compositional order parameter ͑͒, which is chosen in Eq. ͑5͒ as the global minimum of the free energy density ͓f bulk ͑ , ͔͒.
In order to assure that ͑͒ stays within the interval ͓0,1͔, where it represents the concentration exactly, we add some constant and linear terms of the compositional order parameter ͑͒ to the expression of free energy given in Eq. ͑3͒,
where c and d are undetermined parameters. The experimental data points of the equilibrium concentrations with different temperatures are shown in Table I .
The melting temperature is determined by ͓T͔ = 0. Experimental data of the equilibrium melting temperatures for different initial concentrations are shown in Table II . We use the sectional interpolation method to obtain the melting temperature ͑T m ͒. That is, inside the phase separation region, T m is chosen as a zero-order polynomial Therefore we obtain a phase diagram of the binary system shown in Fig. 2 .
B. Dynamics
Simulations are carried out in two dimension for the models presented above. We use a forward Euler method in time and a finite volume method in space to discretize the equations. The grid size is set at ⌬x = ⌬y = 0.5 and the system size is N x = N y = 128. The time step is chosen as ⌬t = 0.005. We use no-flux boundary conditions, namely,
where is the chemical potential. The Onsager coefficients are chosen as M = 0.1 and M = 0.1 and the interfacial gradient parameters are chosen as 1 = 1.0 and 2 = 0.2. The simulated blend system under different initial concentrations undergoing LLPS at 130°C for different times is then quenched to 121°C for crystallization. Figure 3 shows time evolution of the individual parts in the bulk free energy. We see that the binary system under all the initial concentrations stays in the immiscible two phase region in the phase diagram. Therefore, phase separation occurs via spinodal decomposition. In the early stage, the phase separation process is controlled by concentration fluctuations and the decrease in the bulk energy. In the later stage, however, phase separation process is controlled by diffusion and coarsening, and the decrease in interfacial free energy. As a result, the variation of the bulk phase separation energy ͑f ps ͒ indicates which stage the second temperature-quench time corresponds to. It is clear that the second temperature-quench time ͑dash dot line in Fig. 3͒ shown in the upper row image in Fig. 3 corresponds to the early stage of LLPS by the first temperature quench, while that in the lower row image in Fig. 3 corresponds to the later stage of LLPS. Figure 4 shows time evolution of the compositional order parameter with the PEH/ PEB= 40/ 60 and different quench times t * . The upper row of image ͓from ͑a1͒ to ͑d1͔͒ corresponds to the blend system undergoing LLPS at 130°C for t = 25 and then isothermally crystallized at 121°C for t =0, t = 25, t = 75, and t = 175, respectively. The lower row of image ͓from ͑a2͒ to ͑d2͔͒ corresponds to the blend system undergoing LLPS at 130°C for t = 100 and then isothermally crystallized at 121°C for t =0, t = 50, t = 125, and t = 200. Both rows are characteristics of typical spinodal decomposition phase separation. Figure 4͑a1͒ shows that the interface between two phases is not clear when the second temperature quench occurs. This means LLPS at 130°C is not yet complete and the system remains in the early stage of phase separation for the upper image. In contrast, the clear interface between the two phases visible in Fig. 4͑a2͒ illustrates that LLPS at 130°C is almost complete. Therefore, the second quench occurs in the later stage of LLPS for the lower row of image.
Figures 5-7 show time evolution of the crystal order parameter with three different initial concentrations. In each figure, the time evolution of the orientational order parameter is shown; the upper and lower rows represent different quench times ͑t * ͒. From Fig. 3 , we know that the second temperature quench happens in the early stage of phase separation for upper row images ͑a1͒-͑d1͒, while it happens in the late stage of phase separation for lower row images ͑a2͒-͑d2͒. In these three figures, the number density of spherulites is obviously lower and spherulite sizes are smaller when the first quench continues for a longer period of time which are shown in the lower row image either in 
FIG. 5. Time evolution of the crystal order parameter ͑͒ with PEH/ PEB =35/ 65 and two different quench times ͑t*͒ for upper row images ͑a1͒-͑d1͒ and lower row images ͑a2͒-͑d2͒. ͑a1͒ LLPS at 130°C for t = 25, then isothermally crystallized at 121°C for t =0, ͑b1͒ t = 25, ͑c1͒ t = 75, and ͑d1͒ t = 175. ͑a2͒ LLPS at 130°C for t = 100, then crystallized at 121°C for t =0, ͑b2͒ t = 50, ͑c2͒ t = 100, and ͑d2͒ t = 200. creased nucleation might not occur without the influence of the interface formed through spinodal LLPS. Here the interface of LLPS can be defined by the absolute magnitude of the gradient ٌ͉͉͑͒ since the peak of ٌ͉͉ is reached at the interface. It is further noted from Figs. 5-7 that crystals are growing toward the PEH rich domains, which is probably due to the lack of PEH chains in the PEB rich domains. This is also consistent with the experimental results of Zhang et al. 31, 32 Figure 8 shows time evolution of compositional order parameter with the PEH/ PEB= 45/ 55. The simulated system was first kept at 140°C undergoing LLPS for a very long time ͑t = 600͒ and then deeply quenched to room temperature ͑25°C͒. It is clear that small secondary domains of each polymer appear in the larger primary domains which are formed during LLPS by the first temperature quench. This is because after the second quench the initially favored length scale ͑the fastest growing fluctuation͒, which can be determined from linearized theory, is much smaller than the primary structural scale. In other words, if the second temperature-quench depth is only slightly deeper than the first, no secondary structure is observed. Only a slight growth in the original structure results from continued domain broadening. As the simulation proceeds, these initially dynamically favorable secondary domains, creating large interfacial areas and a large increase in the surface free energy, will finally dissolve into the surrounding phases. Figure 9 shows time evolution of crystal order parameter with the PEH/ PEB= 45/ 55. When the system is quenched to about room temperature, continuous crystallization occurs in the PEH-rich region of both of the original PEH-rich and PEB-rich domains. Compared to the time evolution of compositional order parameter shown in Fig. 8 , it is clear that most of the nuclei found are located at the interface of the phase-separated domains. This can be explained as follows. Although the second temperature-quench time corresponds to the late stage of phase separation, the equilibrium composition of one or two phases ͑PEH-rich or PEB-rich domains͒ will be in the unstable spinodal region for very deep quench. Therefore, the intrinsic physical mechanism is the same as former cases shown in the upper row image of Figs. 5-7.
FIG. 6. Time evolution of crystal order parameter ͑͒ with the PEH/ PEB =40/ 60 and two different quench time ͑t*͒ for upper row images ͑a1͒-͑d1͒ and lower row images ͑a2͒-͑d2͒. ͑a1͒ LLPS at 130°C for t = 25, then isothermally crystallized at 121°C for t =0, ͑b1͒ t = 25, ͑c1͒ t = 75, and ͑d1͒ t = 175. ͑a2͒ LLPS at 130°C for t = 100, then isothermally crystallized at 121°C for t =0, ͑b2͒ t =50, ͑c2͒ t = 125 and ͑d2͒ t = 200.
FIG. 7. Time evolution of crystal order parameter ͑͒ with the PEH/ PEB =45/ 55 and two different quench times ͑t*͒ for upper row images ͑a1͒-͑d1͒ and lower row images ͑a2͒-͑d2͒. ͑a1͒ LLPS at 130°C for t = 25, then isothermally crystallized at 121°C for t =0, ͑b1͒ t = 25, ͑c1͒ t = 75, and ͑d1͒ t = 175. ͑a2͒ LLPS at 130°C for t = 100, then isothermally crystallized at 121°C for t =0, ͑b2͒ t =50, ͑c2͒ t = 125, and ͑d2͒ t = 200. Here q is the modulus of the wave vector q = ͑2 / N͒ ϫ͑m 1 , m 2 ͒ with m 1 , m 2 integers, and N the system size. The spherically averaged structure function S͑q , t͒ is defined by
where q indicates the set of wave vectors contained in a spherical shell and S͑q , t͒ is the scattering function, which is the Fourier transform of the correlation function. It is well established that the growth of domain size L͑t͒ in binary mixture for phase separation without hydrodynamics satisfies the scaling law 48 L͑t͒ ϰ t 1/3 . Figure 10 shows that our model satisfies the scaling hypothesis very well for the later stage of phase separation by the first temperature quench. This is quite reasonable since we
are not yet considering the effects of hydrodynamics. The scaling law also holds after the second temperature quench. This can be explained as follows. Since the second quench is slightly deeper than the first one, as shown in Fig. 10 , only a slight growth in the original structure and continued domain coarsening will take place. The pattern formation after the second quench is stilled controlled by further diffusion and coarsening which is reflected by the second slope indicating the same scaling exponent. 49 In addition, it should be mentioned that the averaged domain size will become smaller right after the second temperature quench shown in Fig. 10 . This is because the favored length scale after the second quench is smaller compared to the primary structural scale formed by the first quench and it will cause the decrease in the averaged domain size.
V. CONCLUSION
We propose a phenomenological model to describe the kinetic coupling of phase separation and crystallization in polymer blend systems. Our model can reproduce the phenomena observed in recent experiments. [29] [30] [31] [32] [33] Further, it captures some of the physical mechanisms for dynamics, such as the classical scaling hypothesis. As it is known that Landau free energy approach serves as a basis for studying phase separation and crystallization phenomena, we used this form for the total free energy when considering their coupling. We have constructed a coupling term that is consistent with Landau-type free energy and have found that it gives reasonable descriptions of the experiments. Our simple model to some extent reproduces all experimental results such as the decrease in number and size of crystallized spherulites with increasing time in phase separation, the preponderance of nuclei near the domain interface, and the subphase separation and subcrystallization occurring when the second quench is very deep. Our work is a first step in revealing the mechanism underlying the kinetic interaction between phase separation and crystallization. More detailed models regarding the microscopic crystal structures should be studied in the future. 
